VECTOR FIELDS ON SMOOTH THREEFOLDS VANISHING ON 
COMPLETE INTERSECTIONS 
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1. Introduction 

It is a well known fact that the existence of a vector field on a Kahler manifold 
with a special zero locus strongly influences the geometry of the manifold. For 
example, the plurigenera and some Hodge numbers vanish (| Kob72| ,[ CL73[), a nd if 



the zero locus is projective-algebraic, the variety itself will be, too (|Hwa96|). In 
|Wah83| | J. Wahl proved the following 

Theorem 1.1. Let X be a complex projective normal variety, L an ample line 
bundle, dimX > 1. If H'^{Tx ® L-^) / then: 

(i) L = 0{E), where the effective divisor E is a normal variety. 

(ii) X ^ Proj A[t] with A ^ 0^^^ H°{E, OE{nE)). X is the cone over E, and t 
has weight 1 and E is the divisor at oo (t = 0). 

In particular every smooth complex projective variety with a vector field vanishing 
on an ample divisor is isomorphic to . 

The aim of this paper is to look for similar statements in case of zero loci in 
higher codimensions, with ample normal bundle for example. The main result of 
this paper is in dimension 3: 

Theorem 1.2. Let X be a smooth complex projective threefold. Let Di,D2 be 
two ample effective divisors on X such that the scheme theoretic intersection 
C = Di n D2 is an irreducible reduced curve. Let v E H'^{X,Tx) be a vector 
field vanishing on C. Then X is isomorphic to or to the three-dimensional 
quadric Q3. 

Note that the irreducibility assumption on C is necessary: Let X ^ p2 X and 
pi : X ^ F^,p2 : X the projections, p £ L cF^ a point in a line in P^. Let 

Di C X P^ be the blow up of P^ in p, embedded in X. There is a point g e P^ 
such that the fibre P2^{q) contains the strict transform of L. Let C P^ x P^ be 



2 



the union P2 (q) (L). Then Di, D2 are ample divisors of X and C — DiHD 
is the union of two lines. Choose homogeneous coordinates {xq : xi : X2) on P^ 
such that L = {xq = 0}. Then the vector field v = xq-^ & H^{F^,Tp2) vanishes 
on L and the pullback plv E H^{X,Tx) vanishes on C. 
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The proof of the theorem uses a modification of Wahl's theorem and Lefschetz' 
hyperplane theorem for an inductive argument to conclude that Pic(X) = Z. Since 
there exists a vector field with nonempty zero locus X is a smooth Fano threefold. 
The geometry of the ample divisors discovered by Wahl's theorem rules out most of 



the possibilities in Iskhovskhi's classification ( |Isk77| , |lsk7S|| ). The remaining cases 
are dealt with by looking at their vector fields. 

Notation. Throughout the present work, let X be a complex projective variety. 
The tangent sheaf Tx — Homc>^{fl]^, Ox) is the dual of the sheaf of differentials 
fix on X. If X is smooth, Tx is locally free. A vector field v G H^{X,Tx) is a 
global section oiTx. The groups C*, C"*" denote the multiplicative and the additive 
group of complex numbers. 

Acknowledgement. This paper is part of a PhD thesis written while the author 
was a member of the DFG-Graduiertenkolleg "Komplexe Mannigfaltigkeiten" at 
the University of Bayreuth. The author is grateful to his advisor Th. Peternell for 
pointing out the problem and continuous encouragement to work on it. He would 
like to thank the other members of the Graduiertenkolleg, especially S. Kebekus 
and H. Chr. von Bothmer, for creating a stimulating athmosphere and many helpful 
discussions on the topic. 

2. A Theorem of Wahl 



An easy corollary of Theorem 1.1 is the following result already proven in |MS78|: 



Theorem 2.1. Let X be a complex projective smooth variety, L an ample line 
bundle andTx the tangent bundle. If there is a vector field v e H^(X,Tx) vanishing 
on an ample effective divisor D G H'^{X,L) then 

(X,i) = (P",0(l)) or (P\0(2)). 



The proof of Theorem 1.1 uses the normality of X when applying the Kodaira 



vanishing theorem. A thorough analysis of this proof and the ideas in |MS78| shows 
that one can replace normality by the existence of an effective divisor in the ample 
line bundle to get a slightly weaker result: 

Theorem 2.2. Let X be a complex projective variety, dim AT > 1, and L an am- 
ple line bundle with H°{X,L) ^ 0. // H°{X,Tx ^ then there is a 
finitely generated graded C-algebra A C ®'^=o (-^ ' ''^^) '^'^'^ homogeneous ele- 
ment T € H'^{X,L) such that 

oc 

A[T]=@H\X,nL). 

ri=0 

In this case X is isomorphic to a cone over an ample Divisor E o/Proj A. 



Proof. The last part is an easy consequence of the first statements, cf. |BS95, 5.3]. 



The first part can be proven exactly as in | Wah83(| provided that one is still able 



to construct a derivation of weight -1 on i? = ®^^i^H'^{X,nL): By assumption 
there is an effective divisor D £ H'^{X,L) and a vector field v G H^{X,Tx) such 
that v^o = 0. Let G C Aut X be the subgroup of automorphisms fixing D. The 
existence of v implies that G is nontrivial. Furthermore the linear representation 
of G on the m-jets of a point x G D is faithful if to ^ 0. Therefore G is linear 



VECTOR FIELDS ON SMOOTH THREEFOLDS VANISHING ON COMPLETE INTERSECTIONS 



algebraic and contains a linear algebraic one parameter group H, i.e. H = C* ov 
C+. 

Since H stabilizes the divisor D there is a i?-Hnearization of the line bundle L 



and a dual i?-action r on i? = ©^^^^ L") (cf. |MF82| , Prop. 1.5]). If H ^ C* 

there are semi- invariant elements Fo,Fi,. . . , of r, i.e. 

Tit) ■ F, = tx(^') ■ 

which generate i? as a C-algebra ( xi^) is the weight of the semi-invariant element 
F). Let Fo G H^{X,L) correspond to D. 

Let i?/Fo = H'^{D, mL\jj) be the homogeneous coordinate ring of D. Since 
C* acts trivial on D via t it acts semi-trivial on H^{D, mL\£)) with weight Xm-, and 
the quotients ^ are equal for all m > 1. This implies 

x{Fi) x{F„r) 



deg Fi "' deg F„ 



and s 7^ ^^7^ since otherwise C* would act trivial on all of X. 
Now one can twist the C*-linearization: Let C* act on R via 

a{t)-F ^t-"^'''^'' ■T{t)F 

for all homogeneous F G R. Hence for an arbitrary polynomial P € C[Xo, . . . , X„i]: 

a{t)P{Fo,Fi,... ,F„,) = Pit^<-''«'>-'Fo,Fi,... ,F„0, 

and x{Fo) - s ^ 0. It follows D^Fi = . . . = D,F„, = 0,D,Fo = (x(Fo) - s)Fo 
where is the R-derivation corresponding to a. One can divide by Fo to get 
a (—1)— derivation 

If = C+ let Fo , Fi , . . . , F„i still be homogeneous generators of R, the element 
Fq corresponding to D. Since the unipotent group C"*" fixes D = Proj(_R/Fo) the 
group acts trivial on R/Fq. This implies for homogeneous F that 

T(i)F - F e (Fo). 

Once more one can divide the corresponding derivation by Fq and gets a (— 1) — 
derivation D-i on R. 



Now one constructs an element t G H^{X, L) as in [Wah83, Lemma 2.7] with 

= 1. 



Then R ^ A[T] with A = {r e R\D_ir = 0} and degF = 1 (cf. HWahSSj Prop. 



2.4]), and the theorem follows. □ 
3. Reduction to Fano Manifolds with Picard number 1 



As in Theorem L2 let Di, D2 be two ample effective divisors on a smooth com- 
plex projective variety X of dimension 3 such that the scheme theoretic intersection 
C = Di n D2 is an irreducible reduced curve. This implies that Di,D2 are irre- 
ducible and reduced. 

Let furthermore v e H^{X,Tx) be a vector field vanishing on C. 

Lemma 3.1. If D2 is not stabilized by v then there will be an irreducible and 
reduced divisor D^o stabilized by v, which is linearly equivalent to Di and whose 
scheme theoretic intersection with D2 equals 

D^nD2 = DinD2 = C. 
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Proof. Let G C Aut X be the connected and nontrivial algebraic subgroup of the 
automorphism group of X which fixes the zero locus Z(v) of v. Because the action 
of G on the vector space of m-jets at a fixed point will be faithful for m 0, the 
group G is Hnear algebraic. 

Let H C G he the minimal algebraic subgroup whose Lie alge bra con tains v. 
A representation of G in GL{V) shows that H ^ (C*)'= x (C+)' ( iBorQlj IL7.3]). 
Because H is commutative, the fixed point locus X^ is contained in Z{v) and H 
stabilizes Z{v). By composing the various C*- and C'^-actions one can move the 
divisor Di along orbits to a linearly equivalent divisor D^o stabiHzed by H. 

H{Z(v)) = Z(v) impHes Di fl D2 C Doo n -D2, linear equivalence means 
D1.D2 = Doo-D2, consequently Di H D2 = Doc H D2. And Doo is reduced and 
irreducible because Doo H D2 is. □ 



Assume from now on that Di is stabilized by the vector field v. If v\Di = 0, 
Wahl's Theorem |l]l] will imply X = P^. If v^^^ ^ 0, the variant Theorem |^ will 
imply that Di is a cone C(C, L) for a (possibly singular) curve C and an ample fine 
bundle L on C. 

The cone Di = C(C, L) is the contraction of the section of the projective space 
bundle P(Oc © OciL)) belonging to the projection Oc © OciL) Oc- Therefore, 
H^{Di,Q) — Q, and the finitely generated abehan group H^{Di,Z) has rank 1. 
Now apply Lefschetz' hyperplane theorem: the natural map 

H^{X,Z) ^ H^{Di,Z) 

is an injection. Since Num(Ar) is a torsion free quotient of NS(X) C H'^{X,Z), it 
follows that Num(Ar) = Z. There is an ample divisor H on X and r G Z such that 

Kx = rH 

On the other hand X can be covered by rational curves: Since there is a non 
trivial vector field with zeroes on X one of the groups C* or C+ is acting on X (s. 
proof of Lemma 3.1). The closures of the orbits are rational curves. Consequently, 
Kx is not nef (|Kol96, 11.3.13.1]), not ample, and —Kx is ample. By [ [sk77| , 
Prop. 1.15] (and [ pho80 | for the proof of hypothesis 1.14 in |Isk77|), AT is a smooth 
Fano threefold with 

PicA = H^{X,Z) = Z. 

A c lassifi c ation of these Fano threefolds is given by the following table 
(cf. |llsk77| , [llsk78| ): 



r 


(Hf 


&3/2 


9 


X 


4 


1 





33 


pa 


3 


2 





28 


Q C P*, the quadric 


2 


1 


21 


5 


Vi , a covering of the cone over the Veronese surface 


2 


2 


21 


9 


V2 , a double covering of P'^ 


2 


3 


5 


13 


1/3 C P^ , a cubic 


2 


4 


2 


17 


V4 C P^ , an intersection of two quadrics 


2 


5 





21 


V5, the intersection Gr(l, 4) C P^ with P^ 


1 


2 


52 


2 


V2 , a double covering of P'^ 


1 


4 


30 


3 


V{ C P"* , a quartic 


1 


4 


30 


3 


V^' , a double covering of a quadric 
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r 


[Hf 


63/2 


9 


X 


1 


6 


20 


4 


Ve C P'^ , an intersection of a quadric with a cubic 


1 


8 


14 


5 


Vs C P^, an intersection of three quadrics 


1 


10 


10 


6 


^10 c 


1 


12 


5 


7 


V12 C 


1 


14 


5 


8 


Vl4 c p9 


1 


16 


3 


9 


Vie C Pl° 


1 


18 


2 


10 


^^18 C P" 


1 


22 





12 


V22 C Pl3 



In this table, H is the ample generator of Pic(X), r is the index of V , i.e. 
—Kx = r ■ H, and g = -{Kx)^/2 + 1 is the genus of X. 

The ample divisor H is very ample except when X is of type Vi, V2, V2 , 14". 
These cases are dealt with in the last section, while in the next section one assumes 
that H is very ample. 



4. An ESTIMATE FOR THE DEGREE 

By assumption D — d ■ H and D2 = d2 ■ H are very ample divisors on X. 
Theorem |2.2| implies that D is a cone C{C,0(D2\c)) over a (possibly singular) 
curve C with vertex P, defined by the divisor D2 restricted to C. 

Claim 4.1. ^2 = 1- 

Proof. By construction C is Hnearly equivalent to D2\d, hence very ample. The 

I-D2 

corresponding embedding D ^ X ^ ¥ maps C into a hyperplane, and the cone D 
consists of the lines through the cone vertex P (not in the hyperplane) and points 
Q & C. Such a line L cuts C transversally in one point, consequently (in X): 

l = C.L = d2H.L. 

H.L > implies the hypothesis. □ 

Let TT : X ^ X he the blow-up of X in the cone vertex P and E the exceptional 
divisor. Because of the universal property of the blow-up the strict transform S of 



D also is the blow-up of D in P. By |Pul84, 6.7.1] the effective Cartier divisor S is 



linearly equivalent to 7r*(D) — fJ,DE for a /id G the multiplicity of the point P 
in the variety D. 

Claim 4.2. = dH^ . 

Proof. Since H is very ample, by Bertini there exist two smooth hyperplane sections 
Hi,H2 e \H\ with -ffi n i?2 n D = {P}. Then Hi n H2 does not contain any fine 
L from P to a point Q ^ C. 

As in the proof of the previous claim the Hi intersect every line L from P to 
a point Q e C ~ Hi exactly in P with intersection multiplicity 1, i.e. transversal. 
Therefore the strikt transforms D,Hi,H2 do not intersect at all. Since the Hi are 



smooth, the intersection multiplicities of the Hi in P are /i//. — 1. Then, by [|Ful84 , 
12.4.8] 

fJ■D^J■Hl^^H2 = D.H1.H2 = dH^. 



□ 
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The strict transform S of the cone D is isomorphic to the — bundle 

over the curve C. Let f : C ^ C the normaUzation of the possibly singular curve 
C and let the P^- bundle 

S = V{OQ(Sf*Oc{C)) 

over C be the normalization of S. 
Thus one has the following diagram: 




Claim 4.3. < 4. 



Proof. By the adjunction formulas one gets 



-Kx\D = -Kd 



and 



K: 



s = ^x|s-f^|s 

= t:*{Kx)\s + '^E\s + ^*{D)\s- ^i^s = 

= n*{Kx\D + D\d) + (2 - ^i)E\s = '^*{Kd) + (2 - ^l)^s■ 

The nonnormal locus on S" is given by the conductor ideal of the normalization 
f : S S, and its support consists of whole fibers of the P^ — bundle S C. From 
the subadjunction formula for normalization (and the formula for the canonical 
bundle on smooth ruled surfaces), it follows 



Si' 



N ■ 



^2Co + kF, ke Z, 



where Co = C* is the section with negative self intersection on the smooth ruled 
surface S and F is a fiber. ^ ^ 

Let Fg be a fiber oi p : S ^ C and Fs a general fiber of p : ^ C. Then 
f*Fg = Fs. Furthermore, Tr^Fg — L, where L is a line from the cone vertex P to 
a point Q G C. Since E^g is a section of the projective line bundle S over C, the 
intersection multiplicity Fs.E^g = 1. Therefore: 

-2 = {-2CQ + kF).F = rKs.Fg^Ks.Fs = 

= Tr*{KD).Fs + (2 - ^i)E^s■Fs - Kd-tt^Fs + 2-H^d = 
= Kd.L + '. 

Let TD be defined by ~Kd 
Consequently: 



-rnHiij. As in the proof of Claim 4.1, i/m.L = 1 



-2 = -roHiD-L + 2- H^d = -ro + 2- H^d, 
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and this implies rjj — A — H^d. But the index rx of the Fano threefold X is > 1, 
hence 

rx =rD+d = A~ {H^ -l)d>l, 
and i?^ < 4. □ 
Now, the following cases must be considered: 

• = 4: Then d = 1 and rx = 1. Under the assumption that H is very 
ample, X must be a quartic. 

• = 3: Then still d= 1, but rx — 2. So X must be a cubic. 

• = 2: Then d = 1, 2 or 3, corresponding to rx = 3, 2, 1, and X must be a 
quadric (if H is very ample) . 

• = 1: This implies rjf = 4 and X = P^. 

5. Special Fangs 

In this section, vector fields vanishing on the reduced and irreducble intersection 
of two (very) ample divisors on P'^ and the quadric Qs will be constructed, and it 
will be shown that such vector fields do not exist on a cubic, on a quartic and on 
varieties of type Vi,V2, V2, V^' , where H is not very ample. 



5.1. Vi, V2? V^' und V^". These Fano varieties are described in ||[sk78| 



(a) The morphism fj^-i ■ V\ W4 C P® induced by the complete linear system 

^1 

lii'y^^l is a 2:l-covering of the cone W4 over the Veronese surface F4 C P^. It 
branches over the smooth divisor S C VF4 cut out by a cubic hypersurface not 
containing the cone vertex. 

(b) The morphism : V2 ^ P"^ is a 2:l-covering with smooth branching divisor 
5 C P3 of degree 4. 

(c) The morphism ifn ■ V2 ^ P'^ is a 2:l-covering with smooth branching divisor 
5 C P3 of degree 6. 

(d) The morphism ipH : V(' -> Q3 C P** is a 2:1 -covering of the threedimensional 
quadric with smooth branching divisor S C Q3 cut out by a hypersurface of 
degree 4. 

Assume that on one of these Fano threefolds there exists a vector field 
V G H^{X,Tx) vanishing on a curve. Then there is a linear algebraic group G 
acting on X and inducing v. Since the coverings are induced by complete linear 
systems, G acts on the bases W of the coverings, too. Furthermore G stabilizes 
the branching divisors S since these divisors describe the locus of the points 
where the rank of the differentials df^ : Tx.x — 7V,/(2;) drops. 

Therefore, v restricted to 5 is a (non trivial) vector field on the branching divisor. 
By assumption, v should vanish on a curve G . Since the branching divisor S is 
ample, S intersects C, and v\s has a zero. As explained in section ^ this implies 
the existence of a C"''- or C*-action on S. Consequently, S is covered by rational 
curves, i.e. the closures of the orbits. S is uniruled, and Ks is not nef. 

On the other hand it is easy to compute Ks since the branching divisors are 
complete intersections: 

(a) On varieties of type Vi is Ks — Osi'2), because the Veronese surface and the 
cone over it are generated by three quadrics. 

(b) If X is of type V2, then Ks = Os. 

(c) X of type Vi: then Ks = Os{2). 



s 
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(d) X of type Vi': then Ks = Os{l). 
In all cases Ks is nef, contradiction. 



5.2. Quadrics, cubics and quartics. The starting point is the following 

Lemma 5.1. All vector fields on a hypersurface _ff e P", n > 2, are induced by 
equivariant vector fields on P". 

Proof. Set d := degH . First consider the structure sheaf sequence of H tensorized 
by the tangent bundle Tp™ , 

^ Tp. (-d) ^ Tp. ^ Tp. ^ 0, 

and the beginning of the corresponding long exact sequence, 

^ i?°(P",Tp.(-rf)) ^ i7°(P",rp,0 A H°{H,Tr^ O//) ^ i?i(P", Tp.(-d)). 

The Euler sequence 

^ Op^{~d) ^ Op.(i - ^ rp.(-d) ^ 

and F'(P",Opr.(fc)) = for < i < n, A: G Z imply i/i(P", Tp-(-d)) = 0. There- 
fore, V is surjective. By the normal sequence 

one finally has H°{H, Th) d {H ,Tv^ ® O h) ■ □ 

From now on, let C P"' be a smooth hypersurface of degree d = 2,3,4 with 
a vector field v G H^{H,Th) vanishing on the irreducible and reduced intersection 
C = ifi ni?2 of two very ample divisors. The lemma above shows that v is induced 
by a vector field on P'' also called v. 

Claim iA and the cases at the end of section ^ show that v stabilizes a cone 



D = H n Hi cut out by a hyperplane, and the zero locus of v is the intersection 
C — HnHi with another hyperplane. The cone vertex P G I? is not contained 
in H2 since otherwise, D H H2 contains more than one fine because of degiJ > 1. 

Now choose homogeneous coordinates {xq : xi : X2 ■ X3 : X4) on P^ such that the 
cone D lies on the hyperplane Hi = {x4 = 0}, and the cone basis lies in the plane 
HiUH2 = {X3 = Xi = 0}. Furthermore, let P = (0 : : : 1 : 0). 

Lemma 5.2. The hypersurface H is given by a polynomial 

h = f{xo,Xi,X2) + X4g{xo,Xi,X2,X3,X4), 

where degf — d, degg = d — 1. The coefficients of the monomial ^3"^ in g and of 
the monomial h do not vanish (at least for one < i < 4/ 

Proof. The polynomial h may be written as 

h = f{xo,xi,X2) + X3k{xa,xi,X2,X3) + Xig{xo, xi, X2, X3, X4). 

Since the intersection with Hi = {x^ — 0} is supposed to be a cone over a basis 
C C {x3 — X4 = 0} with vertex (0:0:0:1:0), this cone D is given by the 
equation f{xo,xi,X2) = 0, and fc = 0. 

Since the hypersurface is smooth, the rest follows from computing the gradient of 
h: the coefficient of 2:3"^ must not be because otherwise the vertex (0:0:0:1:0) 
will be a singularity in H, too. Similarly, the coefficient of at least one of the mono- 
mials XiX4~^, i < 4, must not vanish, because otherwise the point (0:0:0:0:1) 
lies in H and will be not smooth. □ 
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Now, by the Euler sequence vector fields on 



derivations D 
vector fields axi-^ 



d 



(^ii Xi 



of weight on 



correspond to homogeneous 
[xq, . . . ,X4\, modulo the Euler 



Lemma 5.3. The vector field v corresponds to the derivation 
given by (a non trivial scalar multiple of) the matrix 



E 



( 







V 



\ 



7 



Proof. Since degC > 1, the curve C is no fine. Since vector fields on projec- 
tive spaces always vanish on complete linear subspaces, v vanishes on the plane 

= xa = 0. On the other hand, v does not vanish on the hyperplane x^ — 0, 
because it contains the cone D, and v should be non trivial on D. Since every 
vector field on a cone vanishes in the vertex, v vanishes in P = (0 : : : 1 : 0). 

This implies the hypothesis, because the zero locus of vector fields on consists 
of the eigenspaces of the transposed corresponding matrix. □ 

Now, V stabiHzes the hypersurface H exactly when the derivation D^j maps the 
principal ideal [h) C Cfxo, ... ,2:4] describing H to itself, i.e. Dyh = Xh for a A G C. 
Since Uij = for i,j — 0,1, 2, 

Dyh — Dyf + DyXi ' Q + X y Q — Q + X4^{ag + D^g), 

and consequently A = 0. 

This gives immediately a quadric with a vector field vanishing as in Theorem 
Let /i = Xn + a 



1.2 



■'-2 



X3X4 be the equation of the matrix and let v correspond to 
XA-i§—. Then, Dyh — 0, and v vanishes on the smooth 



dx3 



the derivation Dy = X3 
quadric I ~ contained in the plane X3 — X4 — and in the cone vertex 

(0:0:0:1:0). Furthermore, v stabilizes the cone x^ + xf + x^ = contained in 
the hyperplane X4 — 0. 

Why are there no such vector fields on cubics and quartics ? 

(a) By Lemma 5^ the monomial X^ 3^4 

has a coefficient c ^ in /i, but there is 



no monomial of the form 



i < 3, in h. 



(b) The coefficient of Xg ^x^ in Dyh = is 0. Decomposing h in monomials and 
Dy in "monomial" derivations of the form aijXijf-, one sees that only the 



derivations 



9 d-2 
f^SjXs-^XjX^ X4, 



(X^j X ^ "~ X ■) X ' 

dxj 



contribute to the coefficient of x^ X4. Since asj — for i = 0, 1, 2, 4 and the 
coefficients of x^'^Xi, i < 3, vanish, the coefficient of x^'^Xi in Dyh is the 
coefficient of 



c(a33a;3- — x^ 
0x3 



Xi ■ 



a^iXi- — x'^ 
0x4 



X4 



i.e. c{d — I + a). 
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(c) Consequently, a — 1 ~ d. This number is an eigenvalue of the matrix corre- 
sponding to the derivation, different from the other Eigen values. Therefore, 
in appropriate coordinates the matrix is diagonal, i.e. 

d d 

Dv = a^sTj ^^ (1 ~ d)xA- — . 

0x2, ax^ 

(d) The difference between quadrics and cubics resp. quartics comes from the fact 
that the monomials x^x'^^^ and x'i^^Xf^^ are different for d> 2. The coefficient 
c of X3x'l~'^ in h must be for d > 2, because otherwise the coefficient of 
X3x'l~^ in Dh equals c(l — (d — 1)^) ^ 0. The same is true for the monomials 



Xix'l ^ with I = 0, 1, 2, 4. But this a contradiction to Lemma 5.2 



Remark 5.4. There is another argumentation for cubics: The Fano variety ^(Va) 
of the lines on the cubic V3 is a smooth variety with a very ample canonical divisor 



(iTjuTg). 



(|CG72, 7.8,10.13]). Furthermore, through a general point there are exactly 6 lines 



But as already shown in the beginning of the section, the existence of a vector 
field with zeroes implies an effective Hnear algebraic group operation with fixed 
points on V3. Every group operation on V3 induces a group operation on F{V3), 
and this operation must be trivial because of the very ample canonical divisor. 
Therefore, lines on V3 are stabilized by the operation, and the intersection point of 
6 lines is fixed. The operation on V3 is trivial, too. 

5.3. The projective space P^. A vector field vanishing on a line is given by 
Dv — X2-ir — I- X3-7r-- 



References 

[Bor91] A. Borel. Linear algebraic groups. Graduate texts in mathematics 126. Springer, 1991. 

[BS95] M. Beltrametti and A. Sommese. The Adjunction Theory of Complex Projective Vari- 
eties. De Gruyter expositions in mathematics 16. de Gruyter, 1995. 

[CG72] C. H. Clemens and P. A. Griffiths. The intermediate jacobian of the cubic threefold. 
Ann. of Math., II. Ser. 95:281-.356, 1972. 

[CL73] J. B. Carrell and D. Lieberman. Holomorphic vector fields and ftahler manifolds. Invent. 
Math., 21:303-309, 1973. 

[Ful84] W. Fulton. Intersection Theory. Ergebnisse der Mathematik und ihrer Grenzgebiete 3/2. 
Springer, Heidelberg, 1984. 

[Hwa96] J.-M. Hwang. Additive vector fields, algebraicity and rationality. Math. Ann., 304:757- 
767, 1996. 

[Isk77] V.A. Iskovskih. Fano-3-folds I. Math. USSR Izvestija, 11:485-527, 1977. 

[Isk78] V.A. Iskovskih. Fano-3-folds II. Math. USSR Izvestija, 12:469-505, 1978. 

[Kob72] S. Kobayashi. Transformation groups in differential geometry. Ergebnisse der Mathe- 
matik und ihrer Grenzgebiete 70. Springer, Heidelberg, 1972. 

[Kol96] J. KoUar. Rational Curves on Algebraic Varieties. Ergebnisse 3/32. Springer, 1996. 

[MF82] D. Mumford and J. Fogarty. Geometric Invariant Theory. Ergebnisse der Mathematik 
und ihrer Grenzgebiete 34. Springer, Heidelberg, second edition, 1982. 

[MS78] S. Mori and H. Sumihiro. On Hartshorne's conjecture. J. Math. Kyoto Univ., 18-3:523- 
533, 1978. 

[Sho80] V. V. Shokurov. The smoothness of the general anticanonical divisor on a Fano variety. 

Math. USSR Izv., 14:430-441, 1980. 
[Tju72] A. N. Tjurin. Five lectures on three-dimensional varieties. Russian Math. Surveys, 27:3- 

50, 1972. 

[Wah83] J. Wahl. A Cohomological Characterization of P". Invent. Math., 72:315-322, 1983. 



VECTOR FIELDS ON SMOOTH THREEFOLDS VANISHING ON COMPLETE INTERSECTIONS 



Thomas Eckl, Institut fur Mathematik, Universitat Bayreuth, 95440 Bayreuth, 
Germany 

E-mail address: thomas.ecklSuni-bayreuth.de 
URL: http : //btm8x5 .mat .uni -bayreuth . de/"eckl 



